
 

 

Improving the shear design of steel-
bar reinforced ultra high 
performance fibre reinforced 
concrete beams using mesoscale 
modelling 
 
Zhang, Y., Yang, Z., Zhang, H., Tsang, N. & Zhang, X. 
 
Author post-print (accepted) deposited by Coventry University’s Repository 
 
Original citation & hyperlink:  

Zhang, Y, Yang, Z, Zhang, H, Tsang, N & Zhang, X 2022, 'Improving the shear design of 
steel-bar reinforced ultra high performance fibre reinforced concrete beams using 
mesoscale modelling', Advances in Structural Engineering, vol. (In-press), 
136943322211371, pp. (In-press) 
https://dx.doi.org/10.1177/13694332221137174 
 

DOI 10.1177/13694332221137174 
ISSN 1369-4332 
 
Publisher: SAGE Publications 
 
Copyright © and Moral Rights are retained by the author(s) and/ or other copyright 
owners. A copy can be downloaded for personal non-commercial research or study, 
without prior permission or charge. This item cannot be reproduced or quoted extensively 
from without first obtaining permission in writing from the copyright holder(s). The 
content must not be changed in any way or sold commercially in any format or medium 
without the formal permission of the copyright holders.  
 
This document is the author’s post-print version, incorporating any revisions agreed during 
the peer-review process. Some differences between the published version and this version 
may remain and you are advised to consult the published version if you wish to cite from 
it.  
 



 

*Corresponding author. Email: zhjyang@whu.edu.cn (Z Yang) 

1 

Improving the shear design of steel-bar reinforced ultra high performance 1 

fibre reinforced concrete beams using mesoscale modelling 2 

Yuming Zhanga,b, Zhenjun Yanga*, Hui Zhangc, Neil Tsangb, Xiaoxian Zhanga,d  3 

a Hubei Key Laboratory of Geotechnical and Structural Safety, School of Civil Engineering, 4 
Wuhan University, 430072, China; b Institute for Future Transport and Cities, Coventry 5 

University, Coventry, CV1 5FB, UK; c School of Mechanical Engineering, The North 6 
University of China, 030051, China; d Rothamsted Research, Harpenden, AL5 2JQ, UK 7 

 8 

Abstract: 9 

Understanding the failure mechanisms of steel-bar reinforced ultra high performance fibre 10 

reinforced concrete (UHPFRC) beams is crucial to improving their design but challenging 11 

because of the contrast between beam size and fibre size. We develop a 2D mesoscale finite 12 

element model with the fibres explicitly resolved to bridge this gap by simulating the damaging 13 

and fracturing processes of the beams. To make fibre distribution in the model mechanically 14 

representative, we propose a method to project the fibres from 3D to 2D. The continuum 15 

damaged plasticity model is used as the constitutive law for the UHPC matrix, and the zero-16 

thickness cohesive elements with softening constitutive law are used to model the nonlinear 17 

bond-slip behaviour of the fibre- and bar-matrix interfaces. The models are validated against 18 

experimental data obtained from 3 and 4-point loading tests by comparing the simulated and 19 

measured fracturing processes, crack patterns and the load-displacement curves. The validated 20 

models are then used to analyse the sensitivity of the shear strength of the beams to fibre content, 21 

shear span-to-depth ratio, as well as shear and longitudinal reinforcement ratios in the beam, 22 

from which a shear strength equation is proposed to improve the design of reinforced UHPFRC 23 

beams. The improvement of the new equation over the AFGC equation is demonstrated against 24 

experimental data measured from 32 beams with various material properties.  25 
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1. Introduction 28 

The ultra high performance steel fibre reinforced concrete (UHPFRC) is a comparatively new 29 

fibre reinforced concrete (FRC). Its superior mechanical properties, including high 30 

compressive strength (>150MPa), tensile strength (>8MPa), fracture energy (40kJ/m2) and 31 

durability, make it potential to replace the conventional reinforcing steel bars in reinforced 32 

concrete (RC) structures, such as thin slabs and shells (Serna et al., 2009; Alberti et al., 2014; 33 

Pujadas et al., 2014). It has hence attracted increased interest from both researchers and 34 

engineers over the past decades (Richard and Cheyrezy, 1995).  However, because steel-bar 35 

reinforced and unreinforced UHPFRC structures are 5-10 times more expensive than normal 36 

strength concrete (NSC), their practical applications in engineering projects are still limited 37 

(Aitcin, 2000; Voort et al., 2008; Russell and Graybeal, 2013). Understanding the mechanisms 38 

underlying the change in shear strength of UHPFRC structures with fibre content and other 39 

material properties is essential to reducing their costs and facilitating their application.    40 

 41 

Modulated by casting procedure, the orientation and distribution of steel fibres in UHPFRC 42 

structures are opaque and spatially random (Barnett et al., 2010; Boulekbache et al., 2010; Deeb 43 

et al., 2014), while their consequence for structural performance remains elusive, despite 44 

decade of studies (Yang et al., 2010; Bertram and Hegger, 2012; Baby et al., 2013; Qing et al., 45 

2019). Tomography techniques such as X-ray computed tomography (CT) can visualise the 46 

components in UHPFRC at resolutions as fine as a few microns (Zhan and Meschke, 2016; 47 

Qsymah et al., 2017; Yang et al., 2020; Zhang et al., 2021), but their high cost and the trade-48 
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off between spatial resolution and the size of samples for scanning means that CT is not 49 

applicable to identify fibres in large UHPFRC beams.  50 

 51 

Traditional FRC and UHPFRC models for macroscale represent the heterogeneous micro-52 

features and their impact implicitly using constitutive laws, such as the damaged plasticity 53 

model (Mahmud et al., 2013), the microplane model (Liu et al., 2009), the failure surface model 54 

(Özcan et al., 2009), and the stress transfer-based model (Lu et al., 2017). Parameters in these 55 

models are usually determined from laboratory tests. While the macroscale models can predict 56 

structure failure, they are unable to unveil whether the failure is caused by individual fibres, 57 

bars, matrix, material interfaces, or their combination. Mesoscale modelling with these micro-58 

features explicitly resolved can bridge this gap and has the potential to improve UHPFRC 59 

design (Zhang et al., 2022).  60 

 61 

Various meso-scale models have been developed over the past decades (Laranjeira et al., 2010; 62 

Ellis et al., 2014; Jia et al., 2015; Zhang and Yu, 2016), but most of them are to simulate single 63 

fibre pull-out tests (SFPTs) or calculate bulk mechanical properties of specimens. The random 64 

fibre distribution in these models is either numerically generated or obtained from CT images 65 

(Qsymah et al., 2017; Zhang et al., 2021), with the fibre-matrix interaction described by the 66 

tensile stress-strain constitutive laws estimated from the load-slip curves from SFPT tests (Pros 67 

et al., 2012; Kang et al., 2014). One shortcoming of these methods is that the constitutive laws 68 

are empirical and unable to differentiate the impacts of fibre elongation and bond-slip on the 69 

fibre-matrix interfaces. They are thus inadequate to describe the stress on individual fibres 70 

(Cunha et al., 2012; Yu et al., 2016). As an improvement, Zhang et al. (2018) developed a 71 

discrete-continuum model with the fibre-matrix interfacial debonding described by softening 72 

cohesive elements.  73 
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 74 

There have been some experimental studies on shear capacity and shear behaviour of UHPFRC 75 

beams and girders without shear reinforcement (Voo et al., 2010; Baby et al., 2014). In general, 76 

however, there is still a lack of accurate understanding of how the shear behaviour of bar-77 

reinforced UHPFRC beams varies with design parameters, such as fibre content and orientation, 78 

beam slenderness, shear reinforcement ratio, longitudinal reinforcement ratio and prestressing 79 

level (Baby et al., 2013). As a result, the design of UHPFRC beams usually uses a high safety 80 

margin (Graybeal, 2006; Florent et al., 2013). Understanding the effects of individual design 81 

parameters on the shear behaviour and failure mechanisms of UHPFRC beams is therefore 82 

essential to improve their design.   83 

 84 

The primary objective of this paper is to propose a mesoscale model to help improve design of 85 

steel bar-reinforced UHPFRC beams. Fibre distribution in UHPFRC beams is three-86 

dimensional, however, because of the contrast between beam size and fibre size, directly 87 

modelling 3D beams with all fibres explicitly resolved is computationally infeasible. We hence 88 

model the 3D beam by a 2D plane and propose a method to project the fibres from 3D to 2D 89 

to ensure that the results simulated from the 2D model are mechanically equivalent. The 2D 90 

models are tested against experimental data measured from real-size structural members. They 91 

are then used to analyse the sensitivity of shear strength of the beams to design parameters 92 

including fibre content, shear span-to-depth ratio, shear reinforcement ratio, and longitudinal 93 

reinforcement ratio, from which an equation is proposed to improve the shear design of 94 

UHPFRC beams, with or without the stirrups, under 3- and 4-point bending. This equation is 95 

applied to experimental data obtained from 32 beam tests with different material properties, 96 

and its improvement is demonstrated against the method recommended by the AFGC code 97 

(2002).    98 
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 99 

2. Finite element modelling 100 

2.1 Determination of fibre content for the 2D models 101 

The fibre distribution in the 2D mesoscale FE models is calculated by projecting the fibres in 102 

3D into a 2D plane, with the effects of out-of-plane distributed fibres, matrix size and fibre 103 

volume fraction taken into account. We firstly generate N fibres randomly distributed in a cube 104 

of size Lm using a Matlab code, with the fibre length and fibre volume fraction represented by 105 

Lf and Af, respectively (Figure 1a). Each fibre is then projected into a 2D plane (Figures 1b-c), 106 

based on that only fibres whose cross-sections and contacting interfaces are parallel to the 2D 107 

plane can carry load. This is a conservative approach for structural design as it neglects the out-108 

of-thickness. The total length of all fibres in the 2D plane is represented by L2D, and the 109 

projecting ratio is defined as K2D=L2D/(N·Lf). To investigate the effect of out-of-plane thickness 110 

in the 2D models, we generate 9000 samples with the fibre volume content varying from 0.2 111 

to 3.0% and sample size (Lm) from 1 to 15Lf. For each combination of sample size and fibre 112 

content, there are 50 samples with the random fibre distribution in them independent of each 113 

other. Figure 2a shows the change in K2D and its mean obtained from 750 samples with the 114 

normalized sample size (by Lf) for Af =1.0%, and Figure 2b shows the change in the mean K2D 115 

of the 9000 samples with the normalized sample size for different Af. It is evident that K2D 116 

asymptotes to 0.631 when Lm≥5Lf, regardless of Af, indicating that the minimum sample size 117 

to avoid out-of-plane thickness effect in the 2D model is 5 times the fibre length. The associated 118 

area fraction in the 2D model is approximately 0.631Af. To avoid non-conforming elements 119 

and meshing difficulty when the projected fibres are not long enough in the 2D plane, the 120 

number of projected fibres is modified to N2D based on the area fraction of fibre 0.631Af  and 121 

the fibre length Lf, as illustrated in Figure 1d.  122 
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2.2 Generation of FE meshes 123 

The reinforced UHPFRC beams consist of UHPC matrix, steel fibres, steel bars, fibre-matrix 124 

and bar-matrix interfaces. The matrix is discretized by the four-node isoparametric elements 125 

(CPS4R in Abaqus). The steel bars, stirrups and randomly distributed fibres are modelled by 126 

the two-node Timoshenko beam elements (B21), with their bending resistance represented by 127 

the elastoplastic constitutive laws. The fibre diameter is not explicitly simulated but input as a 128 

parameter to compute the elemental stiffness. The zero-thickness cohesive elements (COH2D4 129 

in Abaqus) are inserted between the fibres/steel bars and the matrix to represent their interfaces 130 

in a way illustrated in Figure 3a, where the fibres and steel bars are treated as boundaries of the 131 

matrix in mesh generation. The fibres, steel bars and interfaces are defined by double layers of 132 

nodes, and they “float” over the UHPC matrix (Figure 3b) to avoid fine mesh localization in 133 

the matrix adjacent the thin fibres, which would occur if directly loading the fibre nodes on the 134 

matrix plane. Visually, the projected fibres could intersect in the 2D plane as shown 135 

illustratively in Figure 3b. Computationally, however, such an intersection does not have any 136 

mechanical impact as the nodes of different fibres at the intersection are differentiated using 137 

different node numbers, i.e., N1 of fibre 1, N2 of fibre 2 and N3 of the matrix. Such fibres do 138 

not intersect with each other in the modelling. Displacement constraints are applied to the nodes 139 

of these elements to deform the 2D plane, and the fibre and bar elements in the model can only 140 

move longitudinally along their axes as illustrated in Figure 3b. 141 

2.3 Constitutive laws for matrix and fibre/bar-matrix interfaces 142 

The widely used concrete damaged plasticity (CDP) model in Abaqus for damage and fracture 143 

of concrete-like materials is employed to model the nonlinear constitutive behaviour of the 144 

UHPC matrix (Earij et al., 2017; Mahmud et al., 2013; Huang et al., 2015; Huang et al., 2016). 145 

It defines the compressive hardening, tensile softening, damage initiation and evolution. The 146 

pre-peak stress-strain relationships between compression and tension are assumed to be linearly 147 

https://www.sciencedirect.com/science/article/pii/S0008884617304556#f0005
https://www.sciencedirect.com/science/article/pii/S0008884617304556#f0005
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elastic, while the post-peak softening compressive behaviour is described by the model of Guo 148 

(2004): 149 

𝜎𝑐

𝑓𝑐
=

𝜀

𝜀𝑐

𝛼(
𝜀

𝜀𝑐
−1)

2
+

𝜀

𝜀𝑐

                                                                                                                                      (1) 150 

where σc and ε are the compressive stress and strain respectively, εc is the compressive strain 151 

at the ultimate strength, α is an experimental coefficient assumed to depend on the compressive 152 

strength (fc) in α=0.157fc
0.785-0.905. 153 

 154 

The tensile softening behaviour of the UHPC matrix is described by the following traction (σt)-155 

crack opening displacement (w) curve (Hordijk, 1992), to minimize the impact of mesh:  156 

𝜎𝑡

𝑓𝑡
= [1 + (3

𝑤

𝑤0
)
3

] 𝑒
(−6.93

𝑤

𝑤0
)
− 10

𝑤

𝑤0
𝑒(−6.93)                                                                                      (2) 157 

where w0 is the crack opening displacement when the traction approaches to zero, calculated 158 

by w0=5.4 Gf /ft in which Gf and ft are the fracture energy and tensile strength, respectively.  159 

 160 

The compression damage index dc and the tension damage index dt in the CDP model are 161 

estimated by the following equations (Birtel and Mark, 2006) assuming the compressive and 162 

tensile plastic strains are proportional to the inelastic compression and tension strains 163 

respectively, with the proportionalities being constant:  164 

𝑑𝑐 = 1 −
𝜎𝑐𝐸𝑐

−1

𝜀𝑐
𝑝𝑙
(
1

𝑏𝑐
−1)+𝜎𝑐𝐸𝑐

−1
                                                                                                        (3) 165 

𝑑𝑡 = 1 −
𝜎𝑡𝐸𝑡

−1

𝜀𝑡
𝑝𝑙
(
1

𝑏𝑡
−1)+𝜎𝑡𝐸𝑡

−1
                                                                                                         (4) 166 

where σc and σt are the compressive and tensile stresses respectively, Ec is the elastic modulus 167 

of the matrix, εc
pl and εt

pl are the compressive and tensile plastic strains respectively, bc and bt 168 
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are constant taken as 0.7 and 0.1 respectively. Other five parameters in the CDP model are the 169 

dilation angle, the flow potential eccentricity, the ratio of initial equibiaxial compressive yield 170 

stress to initial uniaxial compressive yield stress, the ratio of the second stress invariant on the 171 

tensile meridian to that on the compressive meridian, and the viscosity parameter. Their values 172 

are taken as 33°, 0.1, 1.16, 0.667 and 0.005, respectively.  173 

 174 

The shear traction (ts)-slip (δs) curve shown in Figure 4 is used as the constitutive law for the 175 

cohesive elements to simulate the softening bond-slip behaviour of both fibre-matrix and bar-176 

matrix interfaces. The maximum normal traction tn0 is assumed to be ten times the shear traction 177 

ts0 to ensure that only interfacial shear slip (i.e., no opening) is allowed. Damage initiation 178 

emerges when the shear traction reaches ts0. The following linear function is used as the 179 

criterion to determine the damage evolution in the cohesive elements: 180 

 𝐷 =
𝛿𝑠
𝑓
(𝛿𝑠−𝛿𝑠

0)

𝛿𝑠(𝛿𝑠
𝑓
−𝛿𝑠

0)
                                                                                                                            (5)  181 

where δs is the slip, δs
0 is the slip at ts0, and δs

f is the maximum slip. 182 

3. Numerical examples, results and discussion 183 

Two beam examples with experimental data are modelled. After a number of trial-errors, the 184 

Abaqus/Explicit solver with a total time 0.05s and time increment 1×10-7s is used in all 185 

simulations to ensure the quasi-static loading condition. The loading is applied by uniformly 186 

distributing displacements at the loading points. A PC with an Intel(R) Core i9-9900K 187 

CPU@3.60GHz is used for all simulations. A typical simulation takes 2 to 4 hours, depending 188 

on the degrees of freedom in the model. 189 
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3.1 Example 1:  a UHPFRC beam reinforced with longitudinal steel bars 190 

The simply supported reinforced UHPFRC beam tested by Lim and Hong (2016) under three-191 

point bending is modelled first. The boundary conditions and geometries are shown in Figure 192 

5. The beam has longitudinal steel reinforcements only, and the concrete cover is 30 mm. Half 193 

of the beam is modelled, considering the symmetry. The fibre volume fraction is 1.5%. After 194 

trials-errors, the interfacial bonding strength ts0
 for the fibre-matrix and bar-matrix interfaces is 195 

11MPa and 15MPa respectively, and the initial stiffness in the softening laws for the fibre-196 

matrix and bar-matrix interfaces is 3×105MPa/mm and 2×105MPa/mm respectively. Other 197 

material properties are determined from the experiments (Lim and Hong, 2016), and their 198 

values are given in Table 1. In all simulations, the fibre-matrix and bar-matrix interfaces are 199 

assumed to have the same density as the matrix.  200 

3.1.1 Mesh sensitivity 201 

Mesh sensitivity is analysed with the elemental size being 0.75mm, 1mm and 2mm. As an 202 

illustration, Figures 6a-c compare the three meshes for a beam having the same fibre 203 

distribution. The final crack patterns simulated from the three meshes using a tensile damage 204 

index DAMAGET≥0.9 are shown in Figures 6d-f, with the simulated macro-cracks represented 205 

by red matrix elements. For comparison, the crack pattern measured from the experiment is 206 

shown in Figure 6g. As expected, finer meshes result in narrower cracks, typical for the crack 207 

band concept used in the CDP model. The simulated load (F)-displacement (δ) curves from the 208 

three meshes are shown in Figure 7, along with the experimental results. Overall, they agree 209 

well in terms of both load-displacement curves and final crack patterns. Considering 210 

computational accuracy and efficiency, the mesh size 1mm is used in the following analysis of 211 

the impact of fibres for this example.  212 

3.1.2 Load-displacement curves and cracking processes 213 
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We simulated four random fibre distributions and showed their load-displacement curves in 214 

Figure 8. The simulated final crack patterns and load-displacement curves agree well with the 215 

experimental results. Figure 9 illustratively shows five deforming stages, corresponding to 216 

Points 1-5 on the load-displacement curve respectively, snapshotted from one simulation. 217 

Cracks do not appear in the elastic stage (Figure 9a). At the peak load (Figure 9b), a few flexural 218 

cracks, emanating from the beam, pass through the main bars first and then propagate towards 219 

the loading point. The damage occurs on the bar-matrix interfaces, indicating an interfacial slip. 220 

After the peak load, an increased number of flexural cracks develop along the bottom and then 221 

propagate towards the loading point until a crack approaches the right support after the main 222 

bars yield (Figure 9c). This crack pattern remains unchanged except the two diagonal cracks, 223 

which continue to widen (Figure 9d) until a crack appears on the top surface, followed by a 224 

sudden failure (Figure 9e). This is a typical shear diagonal failure mode for RC beams without 225 

shear links under three-point bending (Khuntisa et al., 1999; Yang and Chen, 2005).  226 

3.2 Example 2: UHPFRC beams reinforced with longitudinal bars and stirrups  227 

This example models the three UHPFRC beams reported in Bahij et al. (2017). They are 228 

reinforced by longitudinal bars and stirrups under four-point bending. The parameters for the 229 

three beams are: Beam-A (a/d=1.8, s=200mm), Beam-B (a/d=1.8, s=370mm), and Beam-C 230 

(a/d=2.6, s=370mm). Figure 10 shows illustratively the dimensions and boundary conditions 231 

of Beam-A. For all three beams, the volume fraction of steel fibre is 1.0%, the concrete cover 232 

is 35mm, the effective depth d is 182.5mm, the interfacial strength ts0 is 10MPa for the fibre-233 

matrix interfaces and 15MPa for the bar-matrix interfaces, the initial stiffnesses in the softening 234 

laws for the fibre-matrix and bar-matrix interfaces are 3×105MPa/mm and 2×105MPa/mm, 235 

respectively. Other material properties are taken from Bahij et al. (2017) and their values are 236 

given in Table 2. For each beam, five samples with the random fibre distribution in them 237 

independent of each other are simulated.  238 
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 239 

Figure 11 shows the simulated shear load-midspan displacement curves for the three beams in 240 

comparison with experimental data (Bahij et al., 2017). As anticipated, the peak shear load 241 

decreases as the stirrup spacing or the shear span to effective depth ratio increases, typical for 242 

RC beams. An increase in s (or lower shear reinforcement ratio) or a/d makes the structural 243 

behaviour more brittle in terms of lower deflection at the same loading level and lower 244 

dissipated energy (the area under the curve). In addition, the same level of randomness in the 245 

fibre distribution appears to result in less scattered data in the more brittle beams (Figures 11b-246 

c). Figure 12 shows an exemplary cracking process in Beam-A, typical compression-shear 247 

failure for RC beams when a/d is in the range of 1 to 3. Figures 12d and 13 show the final crack 248 

patterns (at δ=25.2mm) simulated for the three beams, in comparison with the experimental 249 

observation (Figures 12e and 13). Figure 14 shows several local cut-off regions from Beam-A 250 

(Figure 16d) to visualize fibre deformation and stresses, in which the matrix elements with 251 

DAMAGET≥0.6 are removed to highlight the fibres. In the figures, fibre bending and pull-out 252 

(Figure 14a), fibre yielding (Figure 14b), fibre bridging (Figure 14c) and steel bar yielding 253 

(Figure 14d) are all visible.  254 

 255 

4. Using the meso-scale model to improve the shear design of UHPFRC beams  256 

The close agreement between the simulated and measured crack patterns and load-257 

displacement curves for beams with different material properties and under various bending 258 

conditions indicates that the 2D models capture the mechanisms underlying beam failures at 259 

material scale. They can thus be used to help design UHPFRC beams. Taking the reinforced 260 

UHPFRC beam in Example 2 as an example, we explain how the mesoscale model can improve 261 

the shear design, considering four key parameters, each varying widely to cover the values 262 

possibly used in application.  263 
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The values of the four parameters are: fibre volume fraction Af  (0.5%, 1.0%, 1.5% and 2.0%), 264 

the shear span-to-depth ratio a/d (1.0, 1.4, 1.8, 2.2, 2.6, 3.0 and 3.5), the shear reinforcement 265 

ratio ρsv (1.04%, 0.52%, 0.35% and 0.26%), and the main bar (or flexural) reinforcement ratio 266 

ρ (1.29%, 1.94%, 2.58% and 3.23%). The reference parameters are ρsv=0.28% (or s=370mm), 267 

Af=1.0%, a/d=1.8 and ρ=1.94%, associated with Beam-B in Example 2. Overall, there are 16 268 

combinations of parameters in the analyses. For each combination, 30 samples are randomly 269 

generated, with fibre distribution in them independent of each other. The shear strength 270 

calculated from the simulations is compared with that estimated from the design equation 271 

recommended by AFGC (AFGC, 2002), from which an improved equation is proposed.   272 

4.1 The AFGC recommended shear strength equation for UHPFRC beams   273 

The AFGC recommended design equation (AFGC, 2002) for shear strength of reinforced 274 

UHPFRC beams is:  275 

𝑉𝑑 = 𝑉𝑐 + 𝑉𝑓𝑏 + 𝑉𝑠                                                                                                                                 (6) 276 

where Vc, Vfb and Vs are shear strength of the UHPC matrix, stirrups, and steel fibres, 277 

respectively. Vc is calculated from  278 

𝑉𝑐 = 0.14√𝑓𝑐𝑏𝑑                                                                                                                                      (7) 279 

where b and d are the width and effective depth of the beam, respectively.  280 

Vs is calculated from 281 

𝑉𝑠 = 0.9𝑑
𝐴𝑣

𝑠

𝑓𝑦𝑣

𝛾𝑠
cot(𝜃)                                                                                                             (8) 282 

where Av, fyv and γs are the cross-sectional area of the stirrups (two legs in the models), the yield 283 

strength, and the partial safety factor (taken as 1.3), respectively; θ is the angle between the 284 

principal compression stress and the beam axis, and the recommended minimum θ is 30°.  285 

Vfb is calculated from 286 
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𝑉𝑓𝑏 =
𝐴𝜎𝑅𝑑,𝑓

𝐾𝛾𝑏𝑓tan(𝜃)
                                                                                                                       (9) 287 

where A is approximated by 0.9bd for beams with rectangular section; K is the fibre orientation 288 

and distribution coefficient, assumed to be 1.25 for all loading conditions; γbf is the partial 289 

safety factor taken as 1.3; σRd,f is the mean of the post-cracking strength calculated as follows 290 

based on the tensile stress-displacement curves of UHPFRC  291 

𝜎𝑅𝑑,𝑓 =
1

𝑤𝑚𝑎𝑥
∫ 𝜎𝑓(𝑤)𝑑𝑤
𝑤𝑚𝑎𝑥

0
                                                                                                 (10) 292 

where wmax is the maximum crack width (>0.3mm); σf(w) is the relationship between tensile 293 

stress and crack opening displacement, derived from inverse analysis of notched beams under 294 

three-point bending. We used the mesoscale model to calculate the σf(w) curve, from which 295 

σRd,f was estimated and used in Eq. 9 to calculate Vfb.  296 

4.2 Effects of the fibre volume fraction  297 

Figures 15a-d show the predicted shear load-midspan displacement curves calculated from the 298 

30 samples with different Af. As an example, the effects of sample number on peak shear load 299 

Vp (the predicted shear strength) and its standard deviation for Af =1.0% are shown in Figure 300 

15e and Figure 15f, respectively. It is clear that 30 samples are sufficient to obtain statistically 301 

convergent results. Figure 16a shows the mean shear load-midspan displacement curves of the 302 

30 samples for different Af, indicating that Af  affects both the shear strength Vp and the post-303 

peak response (or ductility) significantly.  304 

 305 

The variations in Vp and Vd  calculated from Eq. 6 with Af  are shown in Figure 16b. Vp increases 306 

asymptotically as Af increases, indicating the existence of an optimal fibre volume fraction for 307 

design. This is typical for reinforced UHPFRC beams (Bertram and Hegger, 2012; Baby et al., 308 

2013). The difference between Vp and Vd is negligible when Af is less than 1.0%, but it increases 309 
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by 2.7% and 5.1% when Af  increases to 1.5% and 2.0%, respectively, indicating that the AFGC 310 

design equation underestimates the shear strength for Af>1.0%. This underestimation can be 311 

corrected by multiplying Vd by a coefficient γf calculated as follows:   312 

γf =0.0725Af + 0.935                                                                                                                 (11) 313 

The accuracy of Eq. (11) is shown in Figure 16c (R2=0.9929). 314 

4.3 Effects of the shear span-to-depth ratio (a/d) 315 

Figure 17a shows the mean shear load-midspan displacement curves calculated from the 30 316 

samples for different a/d, as well as those in Figures 13a-b for a/d=1.8 and 2.6. When a/d 317 

increases from 1.0 to 2.6, Vp decreases sharply from 267.5kN to 105.7kN. A further increase 318 

in a/d beyond 2.6, however, does not lead to a noticeable change in Vp. This is consistent with 319 

experimental results of conventional RC beams and UHPFRC beams (Bertram and Hegger, 320 

2012; Tadepalli et al., 2015).  321 

 322 

The variations in Vp and Vd with a/d are shown in Figure 17b. Vp and Vd are close only when 323 

a/d is in the range of 1.8-2.6. Since the AFGC design equation does not explicitly consider the 324 

effects of a/d, it significantly underestimates the shear strength by 17.9% when a/d=1.0 and 325 

12.1% when a/d is 3.0 and 3.5. Eurocode 2 accounts for the increase in the shear strength of 326 

RC beams when a/d is in the range of 0.5-2.0 by a multiplier β=2d/a (2004). Applying this 327 

approach to the AFGC design equation, however, leads to large errors when a/d is low. 328 

Multiplying Vd  by a coefficient γa calculated as follows can substantially improve the accuracy:  329 

γa =1.2176(a/d)-0.161                                                                                                                (12) 330 

The accuracy of Eq. (12) is shown in Figure 17c (R2=0.9964).  331 

4.4 Effects of the shear reinforcement ratio (ρsv) 332 
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Figure 18a shows the mean load-midspan displacement curves calculated from the 30 samples 333 

for different ρsv. The variations in Vp and Vd with ρsv are shown in Figure 18b. They are virtually 334 

identical, indicating that the AFGC design equation describes the effect of stirrups well. When 335 

ρsv increases from 0.26% to 1.04%, the shear strength increases by 57.8% from 137.3kN to 336 

216.7kN, indicating that, similar to conventional RC beams, the use of shear links is most 337 

effective to enhance the shear strength of UHPFRC beams.  338 

4.5 Effects of the main steel-bar reinforcement ratio (ρ) 339 

The dowel action refers to the resistance of flexural reinforcement to opening and slipping of 340 

the shear cracks. In the design of conventional RC beams, because of the low tensile strength 341 

of the concrete cover and the low bond strength of the steel bars-matrix interfaces, this 342 

resistance is insufficient and often omitted. SFRC materials have higher tensile strength and 343 

bonding, and the dowel actions of SFRC beams are thus much stronger (Sharma, 1986; 344 

Narayanan and Darwish, 1987; Kwak et al., 2002; Pourbaba et al., 2019). Previous study 345 

showed that the dowel action could contribute 10%-35% of the shear resistance of SFRC beams 346 

without stirrups (Zarrinpour and Chao, 2017).  347 

 348 

Figure 19a shows the mean shear load-midspan displacement curves calculated from the 30 349 

samples for different ρ. When ρ increases from 1.29% to 3.23%, Vp increases by 9.6% from 350 

143.1kN to 156.8kN, because increasing ρ increases the flexural steel bars, thereby enhancing 351 

the dowel action. This is consistent with experimental results of steel-bar reinforced UHPFRC 352 

beams (Meda et al., 2012; Hasgul et al., 2018). Figure 19b shows the variations in Vp and Vd 353 

with ρ. Eq. (6) does not consider ρ and the errors of the shear strength estimated by it varies 354 

with ρ. When ρ is 3.23%, Eq. (6) underestimates the shear strength by 6%, while when ρ is 355 

3.23%, it overestimates the strength by 3.21%. The overestimated shear strength is due to the 356 

negative effect of insufficient flexural reinforcement on shear strength and ductility, which 357 
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results in stress concentration from the bars. This is consistent with the experimental results for 358 

SFRC and UHPFRC beams when ρ is low (Yang et al., 2010; Yoo and Yoon, 2015; Dancygier 359 

and Berkover, 2016; Hasgul et al., 2018; Turker et al. ,2019). Therefore, low flexural 360 

reinforcement ratio should be avoided in design.  361 

 362 

The dowel action in RC beams is usually calculated analytically using concrete tensile strength 363 

(Taylor, 1969), because the concrete cover would fail via splitting when the acting dowel force 364 

is large. Based on our simulations, we add a term Vρ calculated as follows to Vd to account for 365 

the contribution of the dowel action.   366 

Vρ =(0.8403ρft-0.0976)bd                                                                                                       (13) 367 

The accuracy of Eq. (13) is shown in Figure 19c (R2=0.9837):  368 

4.6 The improved design equation 369 

Based on the above parametric analyses, an improved design equation for shear strength of the 370 

steel-bar reinforced UHPFRC beams is proposed as follows:  371 

𝑉𝑑 = 𝛾𝑎(𝑉𝑐 + 𝛾𝑓𝑉𝑓𝑏 + 𝑉𝜌 + 𝑉𝑠)                                                                                              (14) 372 

where γf, γa, and Vρ are calculated by Eq. 11, Eq. 12 and Eq. 13 to account for the effects of Af, 373 

a/d and ρ, respectively. To demonstrate the improvements of Eq. 14 over Eq. 6, we analysed 374 

the experimental results of 32 UHPFRC beams with various design parameters tested by 10 375 

groups (Table 3). The shear strengths calculated from Eq. 6 and Eq. 14 are shown in Figure 376 

20a and Figure 20b, respectively, along with the experimental results (V). It is manifest that Eq. 377 

(6) underestimates the shear strength, with the average Vd/V being 0.88 and the coefficient of 378 

variation being 12.93%. In contrast, the proposed equation significantly improves the accuracy, 379 

with the average Vd/V and the coefficient of variation being 1.03 and 3.41%, respectively.   380 
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5. Conclusions 381 

Two-dimensional nonlinear meso-scale FE models have been developed to simulate failing 382 

processes of bar-reinforced UHPFRC beams, with the steel fibres and bars, and fibres/bars-383 

matrix interfaces explicitly resolved. The main conclusions are: 384 

(1) Validation against experimental data for two typical beams shows that the models 385 

accurately reproduce both failure patterns and load-displacement curves. The close 386 

agreement between them proves that the 2D models are efficient and adequate to analyse 387 

3D beams, when the fibre area fraction in the 2D models is approximated by 63.1% of the 388 

fibre volume fraction in 3D and the out-of-plane thickness is at least 5 times the fibre length.     389 

(2) All simulations show that the shear strength of typical bar-reinforced UHPFRC beam 390 

increases with the increase in fibre content, shear and flexural reinforcement ratios, but 391 

decreases with the increase in shear span-to-depth ratio. 392 

(3) A new equation is proposed based on extensive mesoscale parametric simulations and 393 

quantitative analyses for designing the shear strength of bar-reinforced UHPFRC beams. 394 

The equation considers the contributions of fibre content, shear and flexural reinforcement 395 

ratios, and the shear span-to-depth ratio. Its improvement over the AFGC shear design 396 

equation is demonstrated based on experimental results of 32 beams with various design 397 

parameters.  398 

(4) It is shown that the meso-scale models are not only feasible for elucidating the mechanisms 399 

underlying beam failure at material scale, but also potential for improving structural designs 400 

of the UHPFRC beams.  401 
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Table 1 Material properties of the three-point bending beam (Lim and Hong, 2016) 598 

Property Matrix 
Steel 

fibres 

Steel-

bar 

Fibre-matrix 

interface 

Steel bar-matrix 

interface 

Elastic modulus E (GPa) 41 200 200 - - 

Poisson ratio ν 0.22 0.3 0.3 - - 

Mass density ρ (kg/m3) 2100 7850 7850 2100 2100 

Yield strength fy (MPa) - 2500 600 - - 

Ultimate strength fb 

(MPa) 
- 2800 618 - - 

Ultimate strain εu - 0.1 0.1 - - 

Compressive strength fc 

(MPa) 
140 - - - - 

Tensile strength ft (MPa) 7 - - - - 

Diameter Df (mm) - 0.2 29 - - 

Length Lf (mm) - 16-18 - - - 

ts0 (MPa) - - - 11 15 

 599 

 600 

 601 

 602 

 603 

 604 

 605 

 606 

 607 

 608 

 609 
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Table 2 Material properties of the three UHPFRC beams (Bahij et al., 2017) 610 

Property Matrix 
Steel 

fibre 

Steel-

bar 
Stirrup 

Fibre-matrix 

interface 

Steel bar-matrix 

interface 

Elastic Modulus 

E (GPa) 
45 200 200 200 - - 

Poisson ratio ν 0.19 0.3 0.3 0.3 - - 

Mass density ρ 

(kg/m3) 
2450 7850 7850 7850 2100 2100 

Yield strength fy 

(MPa) 
- 2500 1160 430 - - 

Ultimate strength 

fb (MPa) 
- 2800 1320 540 - - 

Ultimate strain εu - 0.1 0.1 0.1 - - 

Compressive 

strength fc (MPa) 
120 - - - - - 

Tensile strength ft 

(MPa) 
5 - - - - - 

Diameter Df 

(mm) 
- 0.22 15 10 - - 

Length Lf (mm) - 13 - - - - 

ts0
 (MPa) - - - - 10 15 

 611 

 612 

 613 

 614 

 615 

 616 

 617 

 618 
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Table 3 Material properties of the 32 UHPFRC beams tested by different groups.  619 

References Af (%) ρsv (%) a/d b (mm) d (mm) ρ (%) 

 Pourbaba et al., 

2018 (Ref-1) 
2.0 0 0.9, 1.2 102, 152 152, 203 2.2-7.8 

 Wang et al., 2020 

(Ref-2) 
2.0 0-0.45 1.75-3.0 150 225 6.58 

 Lim and Hong, 2016 

(Ref-3) 
1.5 0-0.9 2.68 150 290 7.8 

 Ahmad et al., 2019 

(Ref -4) 
1.0, 2.0 0.28, 0.35 1.8 150 228 1.9 

 Kodur et al., 2018 

(Ref-5) 
1.5 0 1.6 180 235 0.9, 2.5 

 Wahba et al., 2012 

(Ref-6) 
2.0 0 2.3 178 265 1.2, 2.5 

 Ridha et al., 2018 

(Ref-7) 
0.5-2.0 0 3.5 100 112 3.4 

 Yavaş, et al., 2019 

(Ref-8) 
0.5, 1.0 0 4.0 100 124 5.0 

 Cao et al., 2019 

(Ref-9) 
2.0 0-0.58 2.25 150 250 6.58 

 Son et al., 2011(Ref-

10) 
2.0 0 2.0 200 300 3.5 

 620 

 621 

 622 

 623 

  624 
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 625 

  

(a) N fibres of length Lf 

generated in 3D  
(b) Projecting a fibre in 3D to 2D 

  

(c) The projected N fibres in the 

2D plane  

(d) The projected N fibres is modified to N2D fibres 

based on their length Lf  used in 2D models 

Figure 1. Projection of fibres in 2D from 3D 626 

  

(a) K2D of 750 samples for Af=1.0% 
(b) Mean K2D of the 9000 samples with 

different Af 

Figure 2. Change in K2D of 750 samples with normalized cube size Lm/Lf  when Af=10%(a), 627 

change in mean K2D of the 9000 samples with normalized cube size for different Af (b). 628 

 629 

 630 
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(a)  Mesh generation (b) Insertion of cohesive elements 

Figure 3. Generation of FE meshes 631 

 632 

Figure 4. Linear softening bond-slip law for the cohesive elements to model the interface  633 

  634 

Figure 5. Boundary conditions and geometries of the three-point bending beam 635 

 636 

 637 

 638 

 639 

 640 

 641 

 642 
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(a) Coarse mesh (elemental size =2mm) (d) Crack pattern (Coarse mesh) 

   

(b) Medium mesh (elemental size=1mm) (e) Crack pattern (Medium mesh) 

   

(c) Fine mesh (elemental size =0.75mm) (f) Crack pattern (Fine mesh) 

 

(g) Experimental results (Lim and Hong, 2016) 

Figure 6. The three FE meshes (a-c), and the simulated final crack patterns (d-f) for Example 643 

1. 644 

 645 

Figure 7. Simulated load (F)-displacement (δ) curves from the three meshes for Example 1. 646 
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 647 

Figure 8. Load (F)-displacement (δ) curves simulated for the five samples in Example 1. 648 

  

(a) Point 1: δ = 3.75 mm (b) Point 2: δ = 8.81 mm 

  

(c) Point 3: δ = 13.43 mm (d) Point 4: δ = 17.49 mm 

 

(e) Point 5: δ = 20.91 mm 

Figure 9. Typical cracking process and pattern simulated for Example 1 649 

 650 

Figure 10. Geometries and boundary conditions for the beams in Example 2 651 
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(a) Beam-A (b) Beam-B (c) Beam-C 

Figure 11. Simulated shear load-displacement curves in comparison with experimental 652 

results for the three beams in Example 2 653 

  

(a) Point 1: δ = 1.31 mm (b) Point 2: δ = 11.22 mm 

  

(c) Point 3: δ = 19.29 mm (d) Point 4: δ = 25.20 mm 

 

(e) Experimental results (Bahij et al., 2017) 

Figure 12. Simulated cracking process and pattern in comparison with experimental data for 654 

Beam-A in Example 2 655 

  

(a) Beam-B 

  

(b) Beam-C 

Figure 13. Simulated final crack patterns in comparison with experimental data for Beam-B 656 

and Beam-C in Example 2 657 
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Figure 14. Cut-off views of simulated failure modes (Figure 12d) for Beam-A in Example 2. 658 

   

(a) Af =0.5% (b) Af =1.0% (c) Af =1.5% 

   

(d) Af =2.0% 
(e) Variation in Vp with 

sample number for Af =1.0% 
(f) Standard deviation 

Figure 15. The shear load-displacement curve simulated for the 30 samples with different Af 659 

   

(a) Mean of the 30 samples 

with different Af 

(b) Variation in shear 

strength with Af 

(c) Variation in γf with Af 
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Figure 16. Change in load with displacement for different Af (a); changes in the shear 660 

strength and the coefficient γf with Af  (b, c). 661 

   

(a) Mean of the 30 samples 

with different a/d 

(b) Variation in shear 

strength with a/d 

(c) Variation in γa with a/d 

Figure 17. Change in load with displacement for different a/d (a); changes in the shear 662 

strength and the coefficient γa with a/d (b, c). 663 

  

(a) Mean of the 30 samples for different ρsv (b) Change in shear strength with ρsv 

Figure 18. Change in load and displacement for different ρsv (a); change in shear strength 664 

with ρsv (b). 665 

   

(a) Mean of the 30 samples 

with different ρ 

(b) Change in shear strength 

with ρ 

(c) Change in Vρ with ρ 

Figure 19. Change in load with displacement for different ρ (a); change in the shear strength 666 

and the added term Vρ with ρ (b, c) 667 
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(a) Vd calculated by Eq. 6 compared 

with experimental results 

(b) Vd calculated by Eq. 14 compared 

with experimental results 

Figure 20. Comparison of the predicted shear strength by the AFGC recommended Eq. 6 (a) 668 

and the proposed Eq. 14 (b), with experimental data for the 32 beam tests (Table 3) 669 
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